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Robot Manipulator Kinematics

+ Kinematics is the analysis
of motion without regard to
the forces/torques that
cause the motion.

» Within kinematics, one
studies position, velocity,
acceleration (and even
higher order derivatives of
position) w.r.t. time

Forward and Inverse Kinematics

+ Forward Kinematics (FK)

— Static geometrical problem of computing position and
orientation of the end-effector x = (x, y, z,¢x,¢y,¢Z)TreIative to
the base frame given the arm configuratione = (g,,6,,---6,)"

* Inverse Kinematics (IK)

— IK determines the arm configuration 6, for a given position
and orientation of the end-effector x.

— IK is the practical problem of manipulator control.
— IK'is often ill-posed, need numerical methods to solve IK.

— For all x outside the workspace, IK produces no solutions 6
indicating that the manipulator cannot attain those position.
Link and joint

parameters
Joint space FK Cartesian space
Description 0 & Description X
(arm configuration) IK {tool} w.r.t {base} :

Kinematics of Planner Serial Linkages

» Planar kinematics is much more tractable mathematically,
compared to general three-dimensional kinematics

{0 G x
Link 0 \

Consider the three degree-of-freedom planar robot arm, which consists of one fixed link
(link 0) and three movable links that move on the plane. All the links are connected by
revolute joints whose joint axes are all perpendicular to the plane of the links. 4




Kinematics of Planner Serial Linkages

» To describe the robot arm, the following geometric
parameters are required
» Linklengths: [, 1, [;
+ Identify joints and links
+ Actuator 1 couples link0 to link1 and create 6,
+ Actuator 2 couples link1 to link2 and create 6,
 Actuator 3 couples link2 to link3 and create 6,

+ Set up the co-ordinate frame {0} fixed to the base
» Forward Kinematics: describes end-effector position (x,,y,)
and orientation in terms of joint displacements and link
lengths
x,=1cos6 +1,cos(6 +6,)+1,cos(6,+6,+86,)
v, =1 sin6, +1,sin(6, +6,) +1;sin(6, + 6, + 6,)
¢e = 61 + 92 + 93

Kinematics of Planner Serial Linkages

» Ex: Solve forward kinematics of the following planner RPR
manipulator

A ¢ ~
¥y ¢ r/ End Effecter

Link 3

| Link 0 |
+ Joint displacements: g,(rotary), d(prismatic), 6;(rotary)
+ Joint displacement vector: g =[6, d &;]"

Inverse Kinematics of Planner
Manipulators

» Consider the problem of moving the end-effecter of a
manipulator arm to a specified position and orientation.

» We need to find the joint displacements that lead the end-
effecter to the specified position and orientation.

» To achieve desired end-effector position and orientation,
inverse kinematics is solved, and each joint is moved to the
determined values through joint controllers. IK is central to
manipulator control problem.

Inverse Kinematics Problem

 Inverse kinematics is more complex in the sense that
multiple solutions may exist for the same end-effecter
location

+ Since the kinematic equation is comprised of nonlinear
simultaneous equations with many trigonometric
functions, it is not always possible to derive a closed-
form solution.

+ solutions may not always exist for a particular range of
end-effecter locations and arm structures

* When the kinematic equation cannot be solved
analytically, numerical methods are used in order to
derive the desired joint co-ordinates.




Inverse Kinematics

x, =x,—1l,cos @,

yw = ye _I3Sin ¢e

I} +1;=2L1,cos B=r"

where 7’ =x] + y]

L Bcos Lo
201,

=60,=7-p

Simillarly

:>7=cos_(

L+ 12 =2rl cos y =17

[+ 12 =12

« Ex: Solve IK of the planner
manipulator (given: x,y, ¢,)

» Use two step method (wrist and end)

approach

b%

J

End
4 Effecter

Multiple Solutions

* Interestingly, elbow up configuration will also locate the end-

effector at the same positi

on and orientation. Therefore,

there is another IK solution.

6 =6,+2y
6, =-0,
0, =0, +2(6,-7)

Elbow-Up
Configuration

End
Effecter

=

~

e

Wrist

2rl,
* When there are
=tan ' RaTS . . Elbow -Down
X, multlple solutions Configuration
=0 =a-y (arm configurations) o & 6
Then, for IK, the manipulator is called a redundant arm
0,=9,-6-6, 10
Multiple Solutions IK Parallel Linkages
« The existence of multiple solutions provides the robot with X, =1l cos 6, +1,cos 6,
. . . . . . Step 1 (calculate 6, and 8,)
an extra degree of flexibility. Consider a robot working in a v, =1 sin@, +1,sin G,
crowded enwronment..lf multllple cgnflguratlons exist for the =1 cos8 +1,cos0, =d+1,cos6, +1, cosb,
same end-effecter position/orientation, the robot can I sing +1. 0 l 6,11, 9
choose the most appropriate, collision-free configuration. =1 sin 6 +[;sin, =1,sin ; +1, sin
. . .. - Step 2 (calculate x, , ¥, ) Step 3 (calculate 6, and 9,)
» Each IK solution must satisfy joint range limits of rotary ArTA ° ¢
joints and stroke limits of prismatic joints. Point o Link2 End Effecter
Joint 5 X,
PUMA 560 arm Six rotary Joints Joint Limits [ 1)
Jomt 2
:gﬁlmﬁ‘ §; ,—- SHOULDERCRATOTION 00 p 00 om
- 320 [T 5 = 11 a8 —17 <0 < 17
NG \ Dot 9050 <g, < 450
™ —950° <@y < T5° ik 1 Joint 4
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Inverse Kinematics of Parallel Linkages

Homework

Solve IK of the doggy robot

1. Given (xzy5 #5) — (x2.y4) @and (xc.yc)
2. Knowing (x,,y,) — find 6,,6,

3. Knowing (xoyo) — 050,

Serial Link Manipulators

(Bessssnnssc)
0 Joint axis i -1

End-Effector
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Link Description [ misi

A\

Axis (i-1) \

\ Link i-1
\

a,_¢: Link Length - mutual perpendicular
unique except for parallel axis

Ol.q: Link Twist - measured in the right-hand sense about a4

Intersecting Joint Axes

AXIS |,

The sense of a Is determined by
the direction of x 16




Link Connections Axis i/

\

Axis (i-1)

d .: Link Offset -- variable if joint i is prismatic
6 .. Joint Angle — variable if joint i is revolute
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First Link

{034 z=2
{1}

Revolute 5:91 1
4 0,=0 — {0)={1}

4 2z,=2
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Prismatic (g}

=R = |
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d, =0 — {0}={1}
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LaSt L|nk Axis n-1 is n

z
Revolute |d =0 \"'1 X
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Denavit-Hartenberg Parameters

4 D-H parameters(a., @, di, Gi)

3 fixed link parameters
0. revolute joint

1 joint variable{
d. prismatic joint

20




Frame Attachment  axs u

y-vectors: complete right-hand frames
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Summary
Axis i-1

a : distance (z, z_ ) along x,
o :angle (z,, z_,) about x,
d.: distance (x_, , x.) along z
0.: angle (x. , , x.) about z,

AXis i Axis i+1

i+1
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Class Test: Derive the DH table of the following RRR

planner manipulator
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Forward Kinematics
Axis (i-1)

Link i-1

i-1iT(ﬂi.1 B I Rx(ai-ﬂ) Dx(ai-'l) Rz(gs) Dz(di)

24




Forward Kinematics
Axis (i-1)
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Arm
- =17 8i
N 11 o ol o 10
. 2 90 0 ' d, o, 0 0
3 90 0 d, 0
a : distance (z,, z,,,) along x, 4 0 0 0 94 . 0 1
3i53?sg&engzé,()z(m) ib)o:IE:;igz 5 90 0 0 0, Homogeneous transformation 00 0 1
= % i 6 90 0 0 0 between consecuitive joints 2

6.: angle (x,, , x;) about z, 6 27




Homogeneous transformation
between consecuitive joints

Forward Kinematics

c, -s, 00 Axis (i-1)
s, ¢ 0 0
iT: 4 4
1 0
0 1
c; —-ss 0 0
. 0 0 1 0
sT=
-s; —¢s 0 0
0 0 0 1
(¢, -5, 0 O]
s 0 0 -120 Forward Kinematics: :T — :'T ;T N';T
T =
e G Homogeneous transformation between any two
00 _ 2 joints %
Homogeneous transformation p p
. . QGO =88, ~COS NG 6% Gds,—5d,
¢ =5 0 0 from base to other joints s Tre  vra um e Sron Sla
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(cc, —c¢s, -5, -s,d,] X X -5, =51, cdss, —s,d,
, 5,65 s, ¢ cdy 07 - X & =SSl a5 $0d,
T = < - - A - .
2 —s,  —¢, 0 0 X X 58, d,c,
0 0 0 . 0 0 0 1
[cc, —s, ¢, cdss,—s,d,] X X ©jee 8 =88S P o8, O —8d,
; S,Cy ¢ 85,8, s,dys, +cd, op _ X X S5CHFE+e85+888 Bdl+éd:
3L = ] ] , ] X X Bt olodad d,c
-5, 0 c, d3Cq B354R8 5 52 32
) N ) 0 0 0 1
0 0 0 1
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X X cees;—sss,+oss; cds,—sd,| g =

.
X X seesstessstssgs sas+ed [

0
6 =
XX sa8+06 A,
00 0 1
C.,5,d, -S8d,
5.8,d, +Cyd,
C.d,
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=S80, -

Programmable Universal Manipulator
Arm (PUMA) 560
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as = (L43180 m
ay = L02032 m
dy = 0.12446 m
dy = 0.43180 m

* Assignment 2:

Write m-code to calculate forward kinematics
of PUMA 560. Calculate end-effector position
and orientation for a test arm configuration.

Manipulator Frame Assignment and
Identification of DH parameters

DH Frame Assignment.flv

Frame Assignment for Denso VP6

[ S

RObot ManlpU|ator Denso VPG iv
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